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We study the electronic level structure in lateral double quantum dots containing one and two electrons. The
calculations consider the role of spin-orbit coupling arising from structure inversion asymmetry �Rashba� and
bulk inversion asymmetry �Dresselhaus�, as well as the competition with diamagnetic and Zeeman effects.
Utilizing a finite element approach and full diagonalization of the Hamiltonian, we explore the spatial spin
textures and their progression with magnetic field. The competition of different energy scales gives rise to
interesting level anticrossings and associated spin mixtures which result in weaker effective Zeeman splitting
�smaller effective g factors�. The singlet-triplet transition of interest for qubit operations is shown to be
strongly affected in narrow band-gap materials, which should have important consequences in phonon-assisted
relaxation rates.
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I. INTRODUCTION

The proposal to use electronic spin states in quantum dots
�QD� as qubits1 has stimulated intense experimental and the-
oretical work. The coupling between electronic spins in a
double quantum dot �DQD� is mediated by an effective in-
terdot exchange interaction, tuned by electrostatic gates and
external fields. Spin qubit operations2,3 were recently
achieved in state-of-the-art experiments in DQDs defined on
a two-dimensional electron-gas �2DEG� system. By pulsing
gate potentials in the DQD structure, different singlet �S� and
triplet �T� electronic configurations can be achieved, where
either each dot accommodates one electron or where double
occupancy is allowed into one of the dots. Such delicate
control of the potential profile in a two-electron system, to-
gether with the application of magnetic fields to split the
triplet components, T+, T−, and T0, determines the effective
exchange interaction, as well as the separation between
ground and first-excited states. Controlling the system so that
these low-energy excitations remain distant reduces decoher-
ence of the chosen qubit states and enhances the reliability of
the effective two-level system embodied in the Sz=0 sub-
space of the lowest S and T0 states.

Robust spin coherence is important for reliable quantum
computation. Specifically, long coherence times are required
to allow sufficient qubit manipulations for error correction
codes to be effective.4 The main mechanisms for electron
spin decoherence are coupling to the nuclei spin �hyperfine
coupling5,6�, and the spin relaxation7,8 caused by spin-orbit
�SO� coupling mediated by phonons.9–13 As such, these are
important obstacles to overcome in achieving successful op-
eration of integrated quantum computing in spin-based qubit
systems. In this context, a complete study of SO effects on
the DQD spectra is needed, including both Rashba14 �struc-
ture inversion asymmetry �SIA�� and Dresselhaus15 �bulk in-
version asymmetry �BIA�� contributions. Such studies have

been done perturbatively,16,17 typically in a Hund-Mulliken
basis where matrix elements are analytical,18–20 in parabolic
single QDs21 and in vertically coupled DQDs.22 The Hund-
Mulliken approach is justifiable in a strongly confining po-
tential, where excited states are highly decoupled from the
lowest levels, and the perturbative approach is reliable only
for wider gap materials such as GaAs, where SO effects are
weaker. In QDs made on narrow-gap materials, the SO ef-
fects are much stronger, and the complex interplay with mag-
netic, tunneling, and Coulomb energies results in drastic ef-
fects on the spin-relaxation rates, which are only captured by
a nonperturbative approach.11,23

This paper presents a theoretical treatment of SO coupling
in laterally coupled DQDs defined on a narrow-gap material
�InSb�, where the system contains two electrons, and takes
into account all pertinent interaction terms. We find that the
competition between SO coupling, Zeeman effect, and Cou-
lomb exchange interaction is strongly regulated by the inter-
dot barrier amplitudes, and as such results in subtle level
mixings that may drastically change the major spin compo-
nent of the state. In particular, the S-T transition that occurs
at finite magnetic fields for strong interdot coupling �low
barrier� is transformed into clear level repulsion with the
concomitant mixing of spin states. This S-T anticrossing in-
troduces an energy scale �1 meV �or a time scale of
�4 ps� which determines the validity of adiabatic transitions
in the S-T subspace typically considered. Similarly, in the
weak interdot coupling regime �high barrier�, the ground
state is predominantly an S arrangement with one electron in
each dot and lying very close to the corresponding T mani-
fold. Even in this regime, the states are spin mixtures and
care must be taken when executing qubit operations.

II. THEORY AND MODEL

We consider a two-electron DQD defined electrostatically
on a 2DEG. The Hamiltonian is H=H1+H2+ �e2 /�� / �r1
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−r2�, where � is the host dielectric constant, and the one-
electron terms read

Hi =
�2

2m�
ki

2 +
g0�B

2
B · �i + V�ri� + VSO�ri� . �1�

In Eq. �1�, the first term is the kinetic energy, where m� is the
effective electron mass, k=−i� + �e /�c�A, with A
=B�−y ,x ,0� /2 in the symmetric gauge for a magnetic field
B=B�0,0 ,1� perpendicular to the 2DEG. The Zeeman cou-
pling includes the material g factor g0, the Bohr magneton
�B=e� / �2m0c�, and the Pauli matrices �. The third term is
the potential profile defining the DQD,24 V�r�=Vc�x ,y�
+Vz�z�, where

Vc�x,y� = − Vre
−��x − a�2+y2�/lr

2
− Vle

−��x + a�2+y2�/ll
2

+ Vbe−x2/lbx
2 −y2/lby

2
. �2�

The two �right and left� dots are centered at �x ,y�= ��a ,0�,
with separation d=2a, and individual potentials given by the
Gaussians with Vl, Vr �ll , lr� parametrizing the respective
potential-well depth �spatial size�; the third Gaussian term
controls the interdot coupling, where Vb �lbx , lby� determines
the intensity �size� of the central potential barrier. For fixed
d, distinct regimes are achieved by varying Vb: from two
isolated QD atoms �Vb�Vl , Vr�, to one strongly coupled
QD molecule, to a large elongated single dot �Vb�Vl , Vr�.
As such, this geometry allows one to study the competition
between SO and magnetic couplings, tunneling, and direct
and exchange Coulomb interactions, all of which change
with the interdot barrier. For simplicity, we focus here on a
symmetric DQD �l=r�, where the two dots are identical.

The fourth term in Eq. �1� yields the SO coupling and
includes both SIA and BIA contributions, VSO=VSO

SIA+VSO
BIA,

where VSO
SIA=	� · ��V�r�
k�, and VSO

BIA=��i=1
3 �iki�ki+1

2

−ki+2
2 �, with coupling constants 	 and �, and i=x , y , z

�mod 3�.23 In the assumed strong vertical confinement which
is provided by Vz�z�, only the lowest subband is populated
and the in-plane and perpendicular directions decouple.
Since �kz

2	= �� /z0�2 and �kz	=0, the SIA term can be decom-
posed into k-linear and spin-diagonal terms as VSO

SIA=Vlin
SIA

+Vdia
SIA, where

Vlin
SIA = 	�− dVz/dz���xky − �ykx� , �3�

Vdia
SIA = 	�z
 �Vc

�x
ky −

�Vc

�y
kx� . �4�

Similarly, the BIA term is decomposed into k-linear and
k-cubic terms as VSO

BIA=Vlin
BIA+Vcub

BIA, with

Vlin
BIA = ���/z0�2��yky − �xkx� , �5�

Vcub
BIA = ���xkxky

2 − �ykykx
2� . �6�

Notice that the SIA coupling is tunable by the interfacial
electric field dVz /dz, as well as the interdot potential gradi-
ents, while the BIA coupling is determined by the quantum
well size z0.

We employ a finite element approach to obtain the one-
electron eigenfunctions �n of the effective two-

dimensional �2D� Hamiltonian with no B-field or SO cou-
plings. We then determine the eigenfunctions for the full
one-electron problem, �m�x ,y ,�z�=�n

Nn�x ,y��an�↑ 	
+bn�↓ 	�, where an , bn are obtained by diagonalization of Hi;
�↑ 	 , �↓ 	 are the �z eigenkets; and N is the size of the basis
set. The two-electron eigenstates �n are antisymmetric func-
tions built from the set ��m as

�n = �
�,j,k

Cj,k
n,�� j,k

� �x1,y1,x2,y2�����z1
,�z2

� , �7�

where Cj,k
n,� are obtained by diagonalization of the full two-

electron Hamiltonian H, and �=S , T0 , T+ , T−. In Eq. �7�,

� j,k
� = N��� j�x1,y1��k�x2,y2� � �k�x1,y1�� j�x2,y2�� , �8�

with the plus �or minus� sign for �=S �or �=T0 , T+ , T−�,
and N� a normalization constant. The spin eigenstates �� are
the well-known S-T two-particle combinations, such as �T−

= �↓↓	 and �T+ = �↑↑	.25

III. ONE-ELECTRON SPECTRA

We first analyze the one-electron picture in the DQD. Fig-
ure 1 shows spectra as function of B field for different inter-
dot coupling barriers Vb: panel A �panel C� considers a strong
�weak� interdot coupling regime where Vb=5 �35� meV,
while panel B shows an intermediate regime with Vb
=15 meV.

In the absence of SO coupling �blue dashed lines� and in
the strong interdot coupling regime �panel A�, bonding

FIG. 1. �Color online� One-electron band structure as function
of magnetic field. Panels A, B, and C refer, respectively, to Vb=5,
=15, and 35 meV. Black solid �blue dashed� lines show spectrum
with �without� SO coupling. The degeneracy of the lowest levels
under SO coupling in shown in parenthesis.
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��7 meV at B=0� and antibonding ��10 meV at B=0�
“s”-levels �no nodes in either dot� are separated by a large
effective interdot hopping integral ��B=0��3 meV. These,
as well as other higher levels, split with magnetic field, in a
combination of Zeeman effect and diamagnetic shift. In
panel A, at Bc,1e�0.8 T the crossing between bonding and
antibonding levels occurs. For B�Bc,1e, the four lowest
states have a spin sequence of ↑, ↓, ↑, ↓; for 0.8�B
�1.8 T, the spin sequence becomes ↑, ↑, ↓, ↓, and for B
�2.9 T the lowest four levels become ↑ polarized. Level
splittings and crossings involving higher excited states are
also visible in the figure. At higher fields �not shown� the
states collapse into highly degenerate Landau levels.16

As Vb increases, both ��B=0� and Bc,1e decrease, and the
whole spectrum is shifted upward, as can be seen by com-
paring panels A–C. In the weak-coupling regime �panel C�,
the pairs of bonding and antibonding levels give way to a
fourfold nearly-degenerate s-state ��14 meV at B=0�, as
one expects for two isolated single dots.23 Notice that the
degenerate “p”-shell �with a nodal line in the spatial wave
function in each dot� is not yet completely formed at Vb
=35 meV, and some splitting is still apparent �levels at
�27 meV at B=0�. The lowest level crossing in panel C
involves s and p orbitals at B�3.7 T. In other words, larger
barrier results in a spectrum similar to that of an isolated QD,
but with double the degeneracy for the two identical dots, as
one would expect. Notice that the lowest DQD level se-
quence in the weak-coupling regime �panel C� is ↑, ↑ even at
B�0, while in the strong-coupling regime such a sequence
happens only when B�Bc,1e. This feature will prove to be
important later for the two-electron system.

The inclusion of SO coupling in Fig. 1 �black solid lines�
turns the ↑-↓ crossings into anticrossings at shifted fields,
and brings the entire spectrum to lower energies, especially
at low magnetic fields where SO coupling dominates mag-
netic terms. While the value of ��B=0� is not much affected
by SO coupling, the Vb dependence of Bc,1e, which now in-
dicates the first anticrossing among s levels, is stronger �see
Fig. 2�A��. The SO coupling results also in a weaker B de-
pendence for the spectra at low fields, especially for smaller
Vb and therefore in a smaller effective g� factor �see below�.

The Vb dependence of Bc,1e is shown in Fig. 2�A�, where
Bc,1e refers to the lowest crossing �anticrossing� in the ab-
sence �presence� of SO couplings. Notice that for Vb�10
�Vb�10� meV the SO coupling shifts the critical field to
larger �smaller� values when compared to the problem with-
out SO terms. This behavior shows how the interdot barrier,
and the resulting electron-tunneling energy, controls the rela-
tive importance of spin-orbit and magnetic terms in DQDs.
We should note further that although the precise value of
Bc,1e would depend on confinement potential parameters, the
presence of SO clearly affects this value, an effect that must
be taken into consideration in experiments.

Figure 2�B� shows the effective g� factor, scaled by g0, as
calculated from the difference in spin expectation values of
the two lowest DQD levels, g� /g0= ���z	. The smaller val-
ues �g� /g0�1� for any Vb reflect the strong spin mixing due
to the SO coupling, as seen in single QDs �g� /g0=1 in the
absence of SO coupling for B�0�.26 The g� factor decreases
rapidly with magnetic field, reflecting the near degeneracy of

the states, as the magnetic field ↑ polarizes the low-energy
states in the high-B limit �which eventually results in the
formation of spin-polarized Landau levels�. For a given Vb,
the high gradient region in g� occurs for field values near the
anticrossing field, where the spin inversion takes place. One
important feature, a change in the sign of g�, is visible at
high Vb and small field; notice that the field range in which
the sign remains negative increases with interdot barrier
�compare plots for Vb=25, 30, and 35 meV�. Such a change
in sign, impossible in the absence of SO couplings, is due to
the delicate interplay of the magnetic, SO, and tunneling
energies, for the nearly-degenerate two lowest DQD levels at
high Vb. As such, one could also predict that the spin relax-
ation among them would exhibit distinct and nonmonotonic
features, with possible minima and maxima as verified in the
single-dot case.11

To further understand SO coupling on the DQD one-
electron spectrum, we study the spin properties of the low-
energy levels in Fig. 3. The left panels present the spin ex-
pectation value ��z	 of each state as function of B for three
distinct barriers; they show how the anticrossing between the
two lowest excited states, at Bc,1e, moves toward smaller B
fields with increasing Vb. The spin mixing is stronger near
zero field as the barrier increases due to the dominance of SO
over Zeeman terms. Notice also the competing roles of elec-
tron tunneling and magnetic field: in the strong-coupling re-
gime �smaller Vb and larger ��B=0��, a higher value of Bc,1e
is needed to achieve the polarization of the two lowest levels,
requiring a stronger Zeeman effect to overcome the large

FIG. 2. �Color online� Panel A: Vb dependence of critical field
Bc,1e in the absence �crossing field, red circles� and in the presence
�anticrossing field, black squares� of SO coupling. Panel B: DQD
effective g� factor as function of magnetic field and interdot barrier;
g� is calculated from spin expectation value difference between the
two lowest levels, in units of g0.
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interdot hopping integral ��B=0�. In the opposite regime,
such polarization occurs even close to the zero-field limit, as
��0. At higher magnetic fields �B�4 T, not shown�, the
four lowest states become ↑ polarized ���z	�1 /2� into the
lowest Landau level, where SO coupling is dominated by
magnetic terms.

The majority-spin component of the levels is clearly af-
fected by SO. For example, at B=0, the states n=1 �ground
state� and n=3 �n=2 and n=4� are predominantly ↑ �↓� in
panel A; the spin majority is less obvious in panel B, as
���z	��1 /2 for all levels, and in panel C the mixing is so
strong that the four s states show ��z	�0. Notice in panel C
that a small B field is needed to differentiate between the
levels, and the states n=1 and 2 �n=3 and 4� become ↑ �↓�
rapidly, at B�0.5 T.

The right panels in Fig. 3 show the corresponding spin-
density maps of the four lowest levels at B=0.5 T. One con-
firms that levels 1 and 3 �2 and 4� have majority ↑ �↓� at
Vb=5 meV, where B�Bc,1e�1 T, but n=2, 3 and 4 have
significant amplitude in both spin components. For Vb
=15 meV, where B�Bc,1e�0.3 T, states 2 and 3 reverse
their majority spin, and at Vb=35 meV states 1 and 2 �3 and
4� are almost purely ↑ �↓�. These panels also clearly show
that, as expected, increasing the barrier decreases the ampli-
tude in the interdot region of the ground state, reducing
��B=0� and the covalent character of the DQD ground state.

IV. TWO-ELECTRON LEVEL STRUCTURE

Figure 4 shows the two-electron spectrum for strong �Vb
=5 meV, panel A� and weak �Vb=35 meV, panel B� inter-
dot coupling regimes. Starting again from the spectra without
SO coupling �blue dashed lines�, panel A presents the usual
splitting under B field of the T+ , T− components of the �low-
est� triplet, while the lowest energy singlet S only displays a
diamagnetic shift. In contrast, panel B shows that, as a con-
sequence of the vanishing electron tunneling at high Vb,
states S and T0 remain essentially degenerate at every B field,
and the singlet is no longer the ground state. Accordingly, at

B�0, the ground-state character changes from S �at
�17 meV in panel A� to T+ �at �29 meV in panel B�. In
panel A, the lowest S-T+ crossing occurs at Bc,2e�0.4 T,
and the zero-field S-T energy splitting is ��B=0�
�1.5 meV. The twofold degeneracy without SO coupling,
indicated in several levels of Fig. 4�B�, involves states S and
T0 �or two excited S states� at 28 �or 33� meV, and remains at
finite field since it is due to the vanishing electron tunneling
at high Vb. At zero field, the DQD ground state contains one
electron per dot but with opposite spins, an S state; the value
of Bc,2e indicates the field needed to flip the spin of one of the

FIG. 3. �Color online� Left
panels: single-electron spin expec-
tation value ��z	 as function of
magnetic field. Panels A, B, and C
refer, respectively, to Vb=5, 15,
and 35 meV; vertical dashed line
indicates B=0.5 T. Black
squares, red circles, green up tri-
angles, and blue down triangles
indicate lowest levels n=1, 2, 3,
and 4, respectively. Right panels:
spin-density maps at B=0.5 T of
the four lowest levels for the bar-
riers on left panels.

FIG. 4. �Color online� Two-electron level structure as function
of magnetic field. Panels A and B refer to Vb=5 and 35 meV, re-
spectively. Black solid �blue dashed� lines show spectrum with
�without� SO coupling. Level degeneracies are indicated in paren-
thesis in panel B.
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electrons. Excited configurations with two electrons in either
the right or the left dot are also present in the spectra, such as
the second twofold degenerate set in panel B ��33 meV at
B=0�, corresponding to the two excited S states with double
electron occupancy in either the right or left dot.

Like in the one-electron case, as the barrier increases
�panel B�, the spectrum is shifted upward, while Bc,2e and
��B=0� decrease. Therefore, while in an isolated dot—and
in a strongly coupled DQD—a finite B field is needed to
achieve a S-T+ transition, in a weakly coupled DQD such a
degeneracy is already present at B�0.

The inclusion of SO coupling in Fig. 4 �black solid lines�,
as in the one-electron case, shifts the spectra downward and
turns the crossing at Bc,2e into an anticrossing, while the
value of ��B=0� is nearly unaffected �see below�. Despite
changing the level dispersions significantly, especially at
small fields where it dominates �notice that the first two ex-
cited states become almost degenerate in panel A�, the SO
coupling does not remove the twofold degeneracies in panel
B produced by the left-right symmetry of the nearly un-
coupled dots at that Vb value. Notice also that SO coupling
dominates at low fields, resulting in smaller Zeeman splitting
�smaller g� factor� of the low-energy triplet. Indeed, the spin
�Sz	 expectation values would be expected to deviate from
the pure 0, �1 values due to such strong SO influence in
narrow-gap materials, as we find to be the case.

The singlet-triplet energy difference in the DQD system
also is affected by the presence of SO coupling. Figure 5
shows this exchange energy with and without SO interac-
tions. Although the spin character of the low-energy states is
mixed in the presence of SO, we can obtain the energy dif-
ference between the nondegenerate S-like state and the
nearby triplet manifold �degenerate at B=0� associated with
T0. This exchange energy difference is only slightly sup-
pressed in the presence of SO coupling, except for Vb
�20 meV, where the SO interaction results in the near four-
fold degeneracy of the singlet-triplet set.

To study the spin properties in more detail, Fig. 6 shows

��
�=� jk�Cj,k

�,��2 for a given spin �, for both ground ��=1� and
first excited ��=2� states, in the strong �panel A� and weak
�panel B� coupling regimes. The ground-state spin compo-
nents �symbols� in panel A show it is clearly a mixture of
S , T+ , T− at B=0, but it becomes predominantly T+ well
after B�0.5 T. On the other hand, the ground state in panel
B is predominantly T+ right from B�0, acquiring a small S
component at higher magnetic fields. As for the first-excited
state �lines� in panel A, it is seen also to be a mixture of
S , T+ , T− at B=0, becoming predominantly S just after 0.5
T until 1.5 T, when it crosses with the next excited state
which is mostly T0 �check Fig. 4�A��. The first-excited state
in panel B, on the other hand, shows an interesting feature:
despite the S-T0 near degeneracy at any magnetic field
�check Fig. 4�B��, there is a slight energy splitting so that this
state is mostly T0 until �0.75 T when it becomes mostly S,
while at higher fields both the T+ and T− components in-
crease at the expense of S.

V. CONCLUSION

We have shown that the strong influence of SO coupling
in narrow-gap materials introduces a rich interplay with
other energy scales in the system, namely, tunneling, mag-
netic, and exchange energies. This results in strong effects on
the spectral properties of the double dot system and in highly
structured spin textures for the lowest states. In particular,
the singlet-triplet subspace �and its �anti� crossings� exhibits
a much more involved behavior with magnetic fields, which
affects the properties needed for definition and operation of
spin qubit gates.

FIG. 5. �Color online� Effective exchange energy as function of
barrier parameter value, �E=ET0

−ES, for B=0 in the DQD system.
Solid line and symbols include SO interactions.

FIG. 6. �Color online� Spin probabilities of ground �symbols�
and first excited �lines� DQD states for Vb=5 �panel A� and 35 meV
�panel B�. Black circles �solid line� indicate singlet component ��
=S�; red up triangles �dashed line� for T+ component; green down
triangles �dotted line� for T−; blue diamonds �dash-dotted line� for
T0. Few curves have explicit labels.
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Although the results presented here are for a specific
DQD structure, the behavior is in fact generic. Notice that
while we have studied in detail the variation in the interdot
barrier, qualitatively similar results are expected for fixed
structure geometry but different interdot distances.

As such, the sizeable level anticrossings and accompany-
ing spin mixtures, as well as smaller g� factors, will be com-
mon in narrow gap materials and should be carefully taken
into account when considering the use of these states as part
of basic qubit states. The characteristic energy �or time�
scales are comparable to some of those in single quantum

dots, and would likely give rise to interesting behavior in the
phonon-assisted spin-relaxation rates. Theoretical investiga-
tion of these rates is under consideration and will be pre-
sented elsewhere.
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